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The existence of an integration mult iplyer for Pfaffian forms of the thermokinetic potential 
leads to cer tain symmet ry  proper t ies  of phenomenologicaI coefficients in the nonlinear do- 
main of thermokinet ics .  

Li [1] proposed the macroscopic  separabi l i ty  of nonequilibrium steady p rocesses  on the basis of a 
general izat ion of the c lass ica l  Thomson hypothesis to the effect that simultaneous revers ib le  and i r r e v e r s -  
ible p rocesses  are  independent of each other.  The hypothesis of macroscopic  separabi l i ty  is based on 
the assumption that any macroscopic  process  can be expanded and, in unique fashion, into a ser ies  of in- 
dependent p rocesses  with regard  to which the sys tem may find itself in a state of part ial  equilibrium, i.e., 
when the rate of the indicated forward process  is equal to the rate  of the r eve r se  p rocess .  

Proceeding f rom the formal  expansion of the flows Ju and the corresponding thermokinetic forces  
X u near  the equil ibrium state 
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and using the one- to-one correspondence  between the set of thermal  forces and the set of flows governing 
the steady state,  and also assuming the hypothesis of macroscopic  separabil i ty,  which is equivalent to adopt- 
trig 

uv~l -- ~'~n = 0 when v :~ "q, (3) 

as well as 

% ~  --- ~ , ~  = 0 (4) 

in all cases  with the exception of u = p or v -- (r, we can achieve the expansion of the a rb i t r a ry  flow JX with 
respec t  to the a rb i t r a ry  set of f o r ce s  

J ~ , = Z L x n X n +  2 ~ , ~ E L x n o X n X o q  - . . . .  (5) 

where the phenomenological coefficients LXV and Lkvcr are  associated with the phenomenological coefficients 
~v~?, fi~0, ~ p c r ,  and fiupe of expansions (1) and (2) by the relat ions 

L~  = ~ ~ k ~ k n ~ ,  (6) 

'v '~ B 'v 6 

(7) 

where I]kxv II is the matr ix  for the t ransformat ion  of the independent flows J~ into the a rb i t r a ry  values of 
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d~. = ~  kzvd +, 
'y 

+ according to (3) and (4) has the following f o r m  (accurate to t e r m s  of o rde r  X 3) where  J p ,  

1-- Z fg.nX~Xn + 1 Z fGI.XnX~ - 1  ft.~X~. (S) J$~-= [I,;~X~, + 2 2 

The following s y m m e t r y  re la t ions  follow di rec t ly  f r o m  the s t ruc tu re  of (6) and (7): 

L~n = L~, (9) 

Lxn a = L~o n. (10) 

The Onsager  re la t ionships  and the s y m m e t r y  with r e spec t  to the second and third subsc r ip t s  in the 
t h i r d - o r d e r  coefficients  a rc  a consequence of the hypothesis  of macroscop ic  separab i l i ty  and the exis tence 
of independent i r r e v e r s i b l e  p r o c e s s e s .  

For  the exis tence of the s t eady- s t a t e  function - t h e  thermokinet ie  potential  F({X}) - it is n e c e s s a r y  
and sufficient for  the cor responding  Pfaffian form,  de te rmined  f r o m  the express ion  

M 

dF ~- Z JidX~' (11) 

to be integrable ,  i .e. ,  we must  have the integrat ion re la t ionships  

OJ i Od h 
- -  ( 1 2 )  OX~ OXi 

for  any pa i r  of subsc r ip t s  (i, k) (max(i ,  k) co r responds  to the number  M in (11)). 

The use  of (12) with r ega rd  to (11) in conjunction with (1) immedia te ly  br ings  for th the r equ i rement  of 
complete  s y m m e t r y  for  all phenomenological  coefficients  with r e spec t  to all the subsc r ip t s ,  i .e . ,  condition 
(12) is sufficiently s t rong  in its own right that to r e s o r t  to an additional hypothesis  such as the hypothesis  
of macroscop ic  separab i l i ty  is devoid of sense .  It is the re fo re  des i rab le ,  to the extent poss ib le ,  to weaken 
condition (12) so as to achieve the consequences of conditions (3) and (4) and some  additional hypothesis  
which does not extend to the r equ i rement  that there  exis t  independent r e v e r s i b l e  p r o c e s s e s .  

As such a r equ i remen t  we will use the assumpt ion  of holonomy, as e x p r e s s e d  by f o r m  (11), i .e. ,  un-  
like (12) we will a s sume  that for  fo rm (11) there  exis ts  an integrat ing fac tor  ~ ({X}) not equal to unity (the 
contention exp re s sed  in (12) reduces  p r e c i s e l y  to the condition that p({X}) = 1). We then must  have the 
following holonomy re la t ionship  for  any t r ip le t  of subsc r ip t s  (i, j, k): 

Z Ji( OJl OJh ) =0, (13) 
.i ~ OXh OXi 

where  the sign ~ i denotes summat ion  of the th ree  following express ions  with cycl ica l  subst i tut ion of the 

subsc r ip t s  i ~ j  ~ k - ~ i .  In the in te res t  of s impl ic i ty ,  we will l imi t  ourse lves  to the case  of th ree  a r b i t r a r y  
flows, although the genera l  case  can also be t r ea ted  in this manner .  

In the case  of three  flows there  is a single holonomy condition: 

Z 2d1( OJ2 0]~ )=0; (14) 
OXs OX2 

iA3 

for  the genera l  f o r m  of flow expansion we have 

3 3 3 
1 

Jt = Z Li'Xi + ~ Z E Li'hX'X~ + .... (15) 

Substituting (15) into (14) and r e s t r i c t i ng  ourse lves  to t e r m s  no higher  than the second o rde r ,  we obtain 

182 



1 LmX~ I Li22X~ .~ I 2 ) LuX, + LI2Xz + L,3Xa + 2 + -~ , -~ Lia3X3 + Lii2XiX2 q- LI,sX,X a + Li2aXzXa 

.x (Lz~ + L2a,X, + L232X2 Jr" L2~aX 3 -- L82 -- L32,X , --  La22X 2 - -  La23X3) 

( 1 LmX~+ 1 L22zX22+ 1 ~ ) q- L2tX, -]- LzaX z q- L2aX a + - ~  ~ - 2  L2aaXa + Lz, zX~X2 + Lz,aX,Xa q- L223XzX a 

x (La, -~ LauX i + LaizX a -4- LaiaXa - -  L,a - -  LtaiX, - -  L,a~X2 - -  LiaaXa) 

( 1 La.X~ 1 1 2 ) 

X (L12 -~, Lt21Xt jr_ Lt22X2 q- LI2aX a - -  L~ - - L 2 I ~ X I  - -  L2~2X2- L21aXa)= 0. (16) 

We can then  t a k e  into c o n s i d e r a t i o n  the  s y m m e t r y  r e l a t i o n s h i p s  which  fol low f r o m  the  p r i n c i p l e  of m a c r o -  
s c o p i c  s e p a r a b i l i t y ,  and we  can  then  s e p a r a t e l y  equa te  to z e r o  the c oe f f i c i e n t s  fo r  i d e n t i c a l  c o m b i n a t i o n s  
of a r b i t r a r y  t h e r m a l  f o r c e s .  T h e s e  o p e r a t i o n s  l e a d  to the  fo l lowing  s y s t e m  of u n i f o r m  equa t ions  r e l a t i n g  
the  c o e f f i c i e n t s  of s e c o n d  and t h i r d  o r d e r :  

L,, [L231 - -  L321] ~- L,2 [Lall - -  L,a,] + Lia [L,21 - -  Lm] = 0; 

L,z [L2a 2 - -  L3221 -~- L22 [Lai2-- LIa2] q- L2a [L,22 - -  L212] : 0; 

L,a [L2a s -- La2a] "Jr- L2a [La, a - -  Liaal + Laa [L,~ a - -  L~i a] = O; 

L u [L=a a __ Laz2 ] 4- L, 2 [Lzt a __ L,2a] + L2 z [L m __ L,a, ] .-k L,a [L t=- -  L2,2] + L2a iLia - -  Lm] = O; ( 1 7) 

Ltl [Lea a - -  La2a] q- Lia iLia z - -  Laiz] q- Lie [La~ a - -  Liaal 4- L2a [L m - -  L,ai] -t- Laa [Lt2t - -  Lzu] = O; 

Ll= [L2aa - -  La23] Jr- Lia [L2a2 - -  La=] -4- La [Laia - -  Lla3] q- Lza [La2, - -  L231] -[- Laa [Li2 z - -  L2ia] = O. 

This  s y s t e m  of s ix  equa t ions  can  be  t r e a t e d  as  d e t e r m i n a n t  fo r  the  s ix  s e c o n d - o r d e r  c o e f f i c i e n t s  which  r e -  
m a i n e d  a f t e r  we have  t aken  into c o n s i d e r a t i o n  the O n s a g e r  s y m m e t r y  r e l a t i o n s :  L,~, L12 , L13 , L22 , L23 , and 
L33. The cond i t ion  of a n o n t r i v i a I  so lu t i on  fo r  th i s  s y s t e m  of equa t ions  wi th  r e s p e c t  to the  s e c o n d - o r d e r  
c o e f f i c i e n t s ,  i . e . ,  the  p h y s i c a l  r e q u i r e m e n t  of f r e e  c h o i c e  fo r  t h e s e  c o e f f i c i e n t s  and the r e q u i r e m e n t  tha t  
t hey  not  a l l  be equal  to z e r o  s i m u l t a n e o u s l y  is  e x p r e s s e d  in t e r m s  of  the  p r o p e r t i e s  of the  d e t e r m i n a n t  of 
t h i s  s y s t e m ,  which  m u s t  c l e a r l y  v a n i s h .  F o r  c o n v e n i e n c e ,  we i n t r o d u c e  the  n o t a t i o n  

A = L=a, - -  La~,, B = L=a2 - -  L322, 

C = L233 - -  L323, M = L m - -  Li3,, 

E ---- L2ia - -  Li2a, K = La,a - -  Liaa, 

T = Li2 , - -  Lm, H = Li= - -  Lz,z, 

P = L,a z - -  Lai z- 

With  th i s  no t a t i on  the d e t e r m i n a n t  of s y s t e m  (17) has  the  f o r m  

A M T  0 0 0 

0 B O - - P  H 0 

0 0 C  0 K - - E  

B E H  M T 0 

C K P  0 M T 

O C B  K - - A  H 

We r e a r r a n g e  the  c o l u m n s  as  fo l lows :  c o l u m n  2 c ha nge s  p l a c e s  
th i s  b r i n g s  the  d e t e r m i n a n t  to the  f o r m  

A 0 0 M T  0 

0 - - P  0 B  0 H 

0 0 - - E  0 C  K 

B M O E H  T 

C 0 7 K P  M 

0 K H C B - - A  

(18) 

(19) 

with  co lumn  4, 3 wi th  6, and then  5 wi th  6; 
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A s ing l e  r e l a t i o n s h i p  e x i s t s  be tween  the  e l e m e n t s  of th i s  d e t e r m i n a n t ,  which  fo l lows  f r o m  the s y m m e t r y  of 
(10), and we obta in  

A = P-~t- E. (20) 

The f inal  f o r m  of the  d e t e r m i n a n t  is  thus 

P §  0 0 M T 0 

0 - - P  O B  0 H 

0 0 - - E O  C K 

B M O E H  T 

C 0 T K P  M 

0 K H C B - - P - - E  

(21) 

If we r e q u i r e  tha t  each  of the  s e c o n d - o r d e r  c o e f f i c i e n t s  is  i ndependen t ,  th is  wi l l  i n d i c a t e  tha t  the  r a n k  of 
a g iven  d e t e r m i n a n t  mus t  be  equal  to z e r o  and,  thus ,  a l l  e l e m e n t s  of the  d e t e r m i n a n t  a r e  equal  to  z e r o .  
This  r e q u i r e m e n t  is  equ iva l en t  to c o m p l e t e  s y m m e t r y  fo r  the  t h i r d - o r d e r  c o e f f i c i e n t s ,  as  we can  s e e  f r o m  
(18). Consequen t ly ,  the c o m p l e t e  s y m m e t r y  of the  s e c o n d -  and t h i r d - o r d e r  c o e f f i c i e n t s  fo l lows as  a c o n -  
s e q u e n c e  of  m a c r o s c o p i c  s e p a r a b i l i t y ,  the  h o l o n o m y  of  f o r m  (15), and the  i nde pe nde nc e  of  the  s i x  s e c o n d -  
o r d e r  coe f f i c i en t s :  L l l  , L~2 , L~3 , L23 , L22 , and L33. 

H o w e v e r ,  the r e q u i r e m e n t  tha t  the  s e c o n d - o r d e r  c o e f f i c i e n t s  be  i ndependen t  is  not  n e c e s s a r y ,  s i n c e  
in the n o n l i n e a r  d o m a i n  t h e s e  r e l a t i o n s h i p s  be tw e e n  i r r e v e r s i b l e  p h e n o m e n a  can  be  r e a l i z e d  so  tha t  th i s  
r e q u i r e m e n t  is  v i o l a t e d .  F o r  e x a m p l e ,  an i n t e r e s t i n g  s p e c i a l  c a s e  is  the  v a n i s h i n g  of the d e t e r m i n a n t  u n d e r  
cond i t ions  tha t  the  r a n k  of the  d e t e r m i n a n t  shown in (21) is  four  and P = E = 0. In th i s  c a s e  the  i ndependen t  
s e c o n d - o r d e r  c o e f f i c i e n t s  wi l l  n u m b e r  only t h r e e :  L~I , L22 , and L33 , whi le  the  d e t e r m i n a n t  r e d u c e s  to a d e -  

0 0 0 M T O  

O 0 0 B O H  

O 0 0 0 C K  

B M O  O H  T 

C O T K O  M 

O K H C B  0 

M T O  

B O H  

o c K  

B M O  

) < C O T  

O K H  

= (BTK -p MHC) ~. (22) 

t e r m i n a n t  of t h i r d  o r d e r :  

Thus ,  in the  c a s e  P - E = 0 the  r e m a i n i n g  c o e f f i c i e n t s  s a t i s f y  the  r e l a t i o n s h i p  

B T K  = - -  MHC. (23) 

The s p e c i a l  r e a l i z a t i o n  of th i s  c a s e  invo lves  the s e l e c t i o n  of t h r e e  independen t  p r o c e s s e s .  Then,  a c -  

c o r d i n g  to (3), (4), and (18), we have  A = P = E = 0, whi le  B = L232, T = L121, K = L313, M = -LI31,  H = -L212, 
C = -L323. Re la t ion  (23) g i v e s  us  the  r e l a t i o n s h i p  b e t w e e n  t h e s e  c o e f f i c i e n t s :  

L232Lt2tL31 z = Lt~IL212L323. (24) 

This  s p e c i a l  c a s e  is  a p p a r e n t l y  m o r e  a c c e s s i b l e  to e x p e r i m e n t a l  v e r i f i c a t i o n .  

S i m i l a r  r e l a t i o n s h i p s  m a y  be  a c h i e v e d  in t he  a s s u m p t i o n  of o t h e r  v a l u e s  f o r  the  r a n k  of the  d e t e r m i n a n t ,  
e .g . ,  in the  c a s e  of r a n k  f ive we have  the r e l a t i o n s h i p  HK = CT, e t c .  The s e l e c t i o n  of the  r a n k  n a t u r a l l y  r e -  
l a t e s  to the  c o m p e t e n c e  of the  v e r y  n a t u r e  of the phenomenon  and is s o l v e d  by  e x p e r i m e n t a t i o n .  The only 
th ing tha t  can be s t a t e d  r e l i a b l y ,  a p r i o r i ,  is  the  fac t  tha t  wi th in  the  f r a m e w o r k  of the  h y p o t h e s i s  of m a c r o -  
s c o p i c  s e p a r a b i l i t y  and f o r  p r o c e s s e s  with a ho lonomic  f o r m  (11) be tween  c o e f f i c i e n t s  of  the  t h i r d  o r d e r t h e r e  
e x i s t s  at  l e a s t  one r e l a t i o n s h i p  in the  f o r m  of d e t e r m i n a n t  (21) equal  to z e r o .  

1, 
2. 
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